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Abstract
In this paper we investigate well-posedness of the Cauchy problem of
the three dimensional generalized Navier-Stokes system. We first establish
local well-posedness of the GNS system for any initial data in the Fourier-
Herz space χ−1. Then we show that if the χ−1 norm of the initial data is
smaller than Cν in the GNS system where ν is the viscosity coefficient, the
corresponding solution exists globally in time. Moreover, we prove global
well-posedness of the Navier-Stokes system without norm restrictions on
the corresponding solutions provided the χ−1 norm of the initial data
is less than ν. Our obtained results cover and improve recent results in
[2, 11].
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1 Introduction
In this paper we consider the generalized Navier-Stokes system ∂tu− ν△u = Q(u, u), t > 0, x ∈ R
3,
u(x, 0) = u0,
(GNSν)
with ν being a positive constant and the bilinear operator Q defined as
Qj(u, v) =
3∑
k,l,m=1
q
j,m
k,l ∂m(u
kvl), j = 1, 2, 3,(1.1)
where qj,mk,l (a) =
∑3
n,p=1 a
j,m,p,n
k,l F
−1(
ξnξp
|ξ|2 â(ξ)), and a
j,m,p,n
k,l are real numbers.
It is obvious that the incompressible Navier-Stokes system
∂tu− ν△u = P∇(u⊗ u), t > 0, x ∈ R3,
div u = 0,
u(x, 0) = u0,
(NSν)
is a particular case of the system (GNSν). Here u stands for the velocity field
of the fluid, ν is the viscosity and P is the Leray projection operator defined by
the formula:
F(Pf)j(ξ) = F(f)j(ξ)−
1
|ξ|2
3∑
k=1
ξjξkF(f)
k(ξ), j = 1, 2, 3.(1.2)
From now on we always assume that the initial data u0 is divergence free and
C denotes a generic constant.
It is well known that the space BMO−1 is the largest space which is in-
cluded in the tempered distribution and enjoys the property of translation and
scaling invariant (see [4, 6] for instance). The global well-posedness for the
Navier-Stokes system in the space BMO−1 was studied by Koch and Tataru
[6]. Many works in subspaces of the space BMO−1, such as H˙
3
2
−1(R3), L3(R3),
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and B˙
−1+ 3
p
p,∞ (R3) also have been down: the Navier-Stokes system is known to
be globally well-posed for sufficiently small date u0 ∈ H˙
3
2
−1(R3), and locally
well-posed for any u0 ∈ H˙
3
2
−1(R3), as proved by Fujita and Kato [1]; the global
well-posedness for small date is due to Kato [7] in L3(R3), Cannone, Meyer and
Planchon [9] in B˙
−1+ 3
p
p,∞ (R3), respectively. For more studies in these spaces, the
reader may refer to [5, 8, 10]. Let us mention that the well-posedness for the
Navier-Stokes system in those above spaces can be extended to the generalized
Navier-Stokes system [3].
Recently Lei and Lin [2] studied a new space
χ−1 = {f ∈ D′(R3);
∫
R3
|ξ|−1|f̂ |dξ <∞},
which is contained in BMO−1 [2] and is equivalent to the Fourier-Herz space
B˙−11 [11]. They pointed out that H
s(R3) (s > 12 ) ⊆ χ
−1, and they also presented
an example to show that H
3
2
−1(R3) * χ−1. Here we give an example to show
that χ−1 * H˙
3
2
−1(R3). In fact, let f(x) = F−1( 1|ξ|h(|ξ|)), where h(r) is defined
by
h(r) =
 2
j+1
2 , 1− 2−j ≤ r < 1− 2−(j+1), j = 0, 1, · · · ,
0, r ≥ 1.
It is easy to deduce that∫
R3
|ξ|−1||f̂(ξ)|dξ ≤ C
∫ ∞
0
h(r)dr = C
∞∑
j=0
2
j+1
2 2−(j+1) <∞.
Similarly, we can also get∫
R3
|ξ||f̂(ξ)|2dξ = C
∫ ∞
0
rh(r)2dr ≥ C
∞∑
j=0
(1 − 2−j)2j+12−(j+1) =∞.
Combing the above two inequalities yields that f ∈ χ−1, but f 6∈ H˙
3
2
−1(R3).
Thus, we conclude that χ−1 and H˙
3
2
−1(R3) do not contain each other.
Lei and Lin [2] proved that if the initial data u0 in χ
−1 satisfying ‖u0‖χ−1 <
ν, the system (NSν) admits a global mild solution. They also proved that this
global mild solution is unique under the condition ‖u‖L∞(R+;χ−1) < ν. Cannone
and Wu [11] gave a global well-posedness result for small initial data in a family
of critical Fourier-Herz spaces B˙−1q (q ∈ [1, 2]). They also showed this global
solution is unique under the condition ‖u‖L∞(R+;B−1q )∩L1(R+;B1q)
≤ 509 ‖u0‖B−1q .
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However, it is not clear whether there exists a solution to the system (NSν) for
large initial data. Moreover, without norm restrictions on the solutions, is the
uniqueness of solutions to the system (NSν) still valid?
In the paper we will give definite answers to these two questions. In Section
3, we will solve the system (GNSν) by means of a contraction mapping argument
( see Lemma 1.1 below). Thus, we can obtain a unique local mild solution to the
system (GNSν) for any initial data in χ
−1 and prove the corresponding solution
will be global if the initial data is sufficient small. Especially for the Navier-
Stokes system, we show that if ‖u0‖χ−1 < ν then the solution to the system
(NSν) will be unique and global without norm restrictions on the solutions.
Lemma 1.1. ([3]) Let E be a Banach space, B a continuous bilinear map from
E × E → E, and a positive real number such that α < 14‖B‖ , with
‖B‖ = sup
‖u‖≤1,‖v‖≤1
‖B(u, v)‖.
For any a in the ball B(0, α) in E, then there exists a unique x in B(0, 2α) such
that
x = a+ B(x, x).
We will also use the spaces
χi = {f ∈ S ′(R3);
∫
R3
|ξ|i|fˆ |dξ <∞}, i = −1, 0, 1.(1.3)
The norm of χi is denoted by ‖ · ‖χi . Let T ∈ (0,∞]. Note that the spaces
L2([0, T ];χ0) and L∞([0, T ];χ−1) ∩ L1([0, T ];χ1) are Banach spaces and are
translation and shift invariant.
Now we are in the position to state our main results:
Theorem 1.2. Let u0 be in χ
−1. There exists a positive time T such that the
system (GNSν) has a unique solution u in L
2([0, T ];χ0) which also belongs to
C([0, T ];χ−1) ∩ L1([0, T ];χ1) ∩ L∞([0, T ];χ−1).
Let Tu0 denote the maximal time of existence of such a solution. Then:
(i) There exists a constant C such that if ‖u0‖χ−1 ≤ Cν, then
Tu0 =∞.
(ii) If Tu0 is finite, then ∫ Tu0
0
‖u(t)‖2χ0dt =∞.
4
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Theorem 1.3. Let u0 be in χ
−1. There exists a positive time T such that the
system (NSν) has a unique solution u in L
2([0, T ];χ0) which also belongs to
C([0, T ];χ−1) ∩ L1([0, T ];χ1) ∩ L∞([0, T ];χ−1).
Let Tu0 denote the maximal time of existence of such a solution. Then:
(i) There exists a constant C such that if ‖u0‖χ−1 < ν, then
Tu0 =∞.
(ii) If Tu0 is finite, then ∫ Tu0
0
‖u(t)‖2χ0dt =∞.
Remark 1.4. Although the result (i) in Theorem 1.2 is the same as Theorem
(1.1) in [2], our method here is different from their method in [2]. In particular,
our proof relies on the obtained local well-posedness result and the blow-up crite-
rion (ii), but not on additional norm restrictions on the corresponding solutions.
2 Preliminaries
Let B(u, v) be the solution to the heat equation ∂tB(u, v)− ν△B(u, v) = Q(u, v),B(u, v)|t=0 = 0,(2.1)
with the bilinear operator Q defined as in (1.1).
Solving (GNSν) amounts to finding a fixed point for the map
u 7→ etν△u0 +B(u, u).
By Duhamel’s formula in Fourier space and (1.1), we have
|B̂(u, v)(t, ξ)| = |
∫ t
0
e−ν(t−s)|ξ|
2
Q̂(u, v)(s, ξ)ds|(2.2)
≤ C
∫ t
0
e−ν(t−s)|ξ|
2
|ξ|(|û| ∗ |v̂|)(s, ξ)ds.
We now give two useful propositions which will be used in the sequel.
5
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Proposition 2.1.
‖u‖2L2([0,T ];χ0) ≤ ‖u‖L∞([0,T ];χ−1)‖u‖L1([0,T ];χ1).(2.3)
Proof. It is easy to check that
‖u‖2L2([0,T ];χ0) =
∫ T
0
(∫
R3
|û|(s, ξ)dξ
)2
dt
≤
∫ T
0
(∫
R3
|ξ|−1|û|(s, ξ)dξ
)(∫
R3
|ξ||û|(s, ξ)dξ
)
dt
≤ ‖u‖L∞([0,T ];χ−1)‖u‖L1([0,T ];χ1).
Proposition 2.2. A constant C exists such that
‖B(u, v)‖L2([0,T ];χ0) ≤
C
ν
1
2
‖u‖L2([0,T ];χ0)‖v‖L2([0,T ];χ0).(2.4)
Proof. Thanks to the inequality (2.2) and Minkowski’s inequality, we have
‖B(u, v)‖L2([0,T ];χ0) ≤ C
∥∥∥∥∥
∫
R3
∫ T
0
I[0,t](s)e
−ν(t−s)|ξ|2 |ξ|(|û| ∗ |v̂|)(s, dξ)dsdξ
∥∥∥∥∥
L2(0,T )
≤ C
∫
R3
∫ T
0
(∫ T
0
I[0,t](s)e
−2ν(t−s)|ξ|2 |ξ|2dt
) 1
2
(|û| ∗ |v̂|)(s, dξ)dsdξ
≤ C
∫
R3
∫ T
0
1
ν
1
2
(|û| ∗ |v̂|)(s, dξ)dsdξ
≤
C
ν
1
2
∫ T
0
‖û(s)‖L1‖v̂(s)‖L1ds
≤
C
ν
1
2
‖u‖L2([0,T ];χ0)‖v‖L2([0,T ];χ0).
3 Proofs of main theorems
To prove the first part of Theorem 1.2. we shall use Lemma 1.1. Given some
u0 ∈ χ
−1, thanks to Minkowski’s inequality, we have
‖eνt△u0‖L2([0,T ];χ0) =
(∫ T
0
(
∫
R3
e−νt|ξ|
2
|û0|(ξ)dξ)
2dt
) 1
2
(3.1)
≤
∫
R3
(∫ T
0
e−2νt|ξ|
2
|û0|
2(ξ)ds
) 1
2
dξ
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≤
∫
R3
1
(2ν|ξ|2)
1
2
|û0|(ξ)dξ
≤
1
(2ν)
1
2
‖u0‖χ−1 .
Thus, combining Proposition 2.2 and the inequality (3.1) gives that if ‖u0‖χ−1 ≤
ν
2
3
2C0
, with C0 > C, then
‖eνt△u0‖L2([0,T ];χ0) ≤
1
4 C0
ν
1
2
<
1
4‖B‖
.
According to Lemma 1.1, there exists a unique solution of the system (GNSν)
in the ball with center 0 and radius ν
1
2
2C0
in the space L2([0, T ];χ0).
We now consider the case of a large initial date u0 ∈ χ
−1. We shall split
u0 into a small part in χ
−1 and a large part with compactly supported Fourier
transform. For that, we fix some positive real number ρu0 such that∫
|ξ|≥ρu0
|ξ|−1|û0|(ξ)dξ ≤
ν
2
5
2C0
.(3.2)
Using the inequality (3.1) again and defining u♭0 = F
−1(IB(0,ρu0 )(ξ)û0(ξ)), we
get
‖eνt△u0‖L2([0,T ];χ0) ≤
ν
1
2
8C0
+ ‖eνt△u♭0‖L2([0,T ];χ0).
From which we can deduce that
‖eνt△u♭0‖L2([0,T ];χ−1) =
(∫ T
0
(
∫
|ξ|≤ρu0
e−νt|ξ|
2
|û0|(ξ)dξ)
2dt
) 1
2
=
(∫ T
0
(
∫
|ξ|≤ρu0
e−νt|ξ|
2
|ξ||ξ|−1|û0|(ξ)dξ)
2dt
) 1
2
≤ ρu0T
1
2 ‖u0‖χ−1 .
Thus if
T ≤ (
ν
1
2
8ρu0C0‖u0‖χ−1
)2,(3.3)
then we conclude the existence of a unique solution in the ball with center 0
and radius ν
1
2
2C0
in the space L2([0, T ];χ0).
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Next we claim that if u is a solution of the system (GNSν) in L
2([0, T ];χ0),
then u also belongs to C([0, T ];χ−1) ∩ L1([0, T ];χ1) ∩ L∞([0, T ];χ−1). In fact,
it is easy to deduce that
‖B(u, v)(t)‖χ−1 ≤ C
∫
R3
∫ t
0
|ξ|−1e−ν(t−s)|ξ|
2
|ξ|(|uˆ| ∗ |vˆ|)(s, ξ)dsdξ
≤ C
∫
R3
∫ t
0
e−ν(t−s)|ξ|
2
(|uˆ| ∗ |vˆ|)(s, ξ)dsdξ
≤ C
∫ t
0
∫
R3
(|uˆ| ∗ |vˆ|)(s, ξ)dξds
≤ C‖u‖L2([0,T ];χ0)‖v‖L2([0,T ];χ0).
Similarly, we have
‖B(u, v)‖L1([0,T ];χ1) ≤ C
∫ T
0
∫
R3
∫ T
0
|ξ|I[0,t](s)e
−ν(t−s)|ξ|2 |ξ|(|uˆ| ∗ |vˆ|)(s, ξ)dsdξdt
≤ C
∫
R3
∫ T
0
(∫ T
0
I[0,t](s)e
−ν(t−s)|ξ|2 |ξ|2dt
)
(|uˆ| ∗ |vˆ|)(s, ξ)dsdξ
≤ C
∫
R3
∫ T
0
1
ν
(|uˆ| ∗ |vˆ|)(s, ξ)dsdξ
≤
C
ν
‖u‖L2([0,T ];χ0)‖v‖L2([0,T ];χ0).
Combing the above two inequalities yields that
B(u, u) ∈ L∞([0, T ];χ−1) ∩ L1([0, T ];χ1).
Noticing the following two facts:
‖eνt△u0‖χ−1 ≤
∫
R3
e−νt|ξ|
2
|ξ|−1|û0|(ξ)dξ ≤ ‖u0‖χ−1 ,
‖eνt△u0‖L1([0,T ];χ−1) ≤
∫ T
0
∫
R3
e−νt|ξ|
2
|ξ||û0|(ξ)dξdt ≤
1
ν
‖u0‖χ−1 ,
we have
eνt△u0 ∈ L
∞([0, T ];χ−1) ∩ L1([0, T ];χ1).
We can thus conclude that
u ∈ L∞([0, T ];χ−1) ∩ L1([0, T ];χ1).
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To get further the regularity of u(t, x) with respect to t, we come back
to the system (GNSν). It is obvious that △u is in L
1([0, T ];χ−1). Thanks to
Proposition 2.1 we have
‖Q(u, v)‖L1([0,T ];χ−1)(3.4)
=
∫ T
0
∫
R3
|ξ|−1|Q̂(u, v)|(s, ξ)dξds
≤C
∫ T
0
∫
R3
(|uˆ| ∗ |vˆ|)(s, ξ)dξds
≤C‖u‖L2([0,T ];χ0)‖v‖L2([0,T ];χ0)
≤C‖u‖
1
2
L∞([0,T ];χ−1)‖u‖
1
2
L1([0,T ];χ1)‖v‖
1
2
L∞([0,T ];χ−1)‖v‖
1
2
L1([0,T ];χ1).
Thus, Q(u, u) ∈ L1([0, T ];χ−1). Then we conclude that ∂tu ∈ L
1([0, T ];χ−1).
We hence prove the announced properties:
u ∈ C([0, T ];χ−1) ∩ L1([0, T ];χ1) ∩ L∞([0, T ];χ−1).
The uniqueness part relies on the following lemma.
Lemma 3.1. Let v be a solution in C([0, T ];S ′(R3)) of the Cauchy problem ∂tv − ν△v = f,v|t=0 = v0,(3.5)
with f ∈ L1([0, T ];χ−1) and v0 ∈ χ
−1. Then for any 0 ≤ t0 ≤ T , we have∫
R3
sup
0≤t≤t0
|vˆ|(t, ξ)|ξ|−1dξ ≤ ‖v0‖χ−1 + ‖f‖L1([0,t0];,χ−1),(3.6)
‖v‖L∞([0,t0];χ−1) + ν‖v‖L1([0,t0];χ1) ≤ 2(‖v0‖χ−1 + ‖f‖L1([0,t0];χ−1)).(3.7)
Proof. Due to Duhamel’s formula in Fourier space, we can write that
v̂(t, ξ) = e−νt|ξ|
2
v̂0(ξ) +
∫ t
0
e−ν(t−s)|ξ|
2
f̂(s, ξ)ds.
Then we have
|v̂(t, ξ)| ≤ e−νt|ξ|
2
|v̂0|(ξ) +
∫ t
0
e−ν(t−s)|ξ|
2
|f̂ |(s, ξ)ds.
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For any 0 ≤ t0 ≤ T, we get
sup
0≤t≤t0
|v̂(t, ξ)| ≤ |v̂0|(ξ) +
∫ t0
0
|f̂ |(s, ξ)ds.
Taking the L1 norm with respect to |ξ|−1dξ allows us to conclude that∫
R3
sup
0≤t≤t0
|v̂(t, ξ)|ξ|−1dξ ≤
∫
R3
|v̂0|(ξ)|ξ|
−1dξ +
∫
R3
∫ t0
0
|f̂ |(s, ξ)|ξ|−1dsdξ
≤ ‖v0‖χ−1 + ‖f‖L1([0,t0];χ−1).
The first result (3.6) is thus proved.
Similarly, taking the L1 norm with respect to |ξ|1dξdt, one have,∫ t0
0
∫
R3
|v̂|(s, ξ)|ξ|dξdt
≤
∫ t0
0
∫
R3
e−νt|ξ|
2
|v̂0|(ξ)|ξ|dξdt +
∫ t0
0
∫
R3
∫ t
0
e−ν(t−s)|ξ|
2
|f̂ |(s, ξ)|ξ|dsdξdt
≤
∫
R3
(∫ t0
0
e−νt|ξ|
2
|ξ|2dt
)
|v̂0(ξ)|ξ|
−1dξ
+
∫ t0
0
∫
R3
(∫ t0
s
e−ν(t−s)|ξ|
2
|ξ|2dt
)
|f̂ |(s, ξ)|ξ|−1dsdξ
≤
1
ν
(
∫
R3
|v̂0(ξ)|ξ|
−1dξ + ‖f‖L1([0,t0];χ−1)).
This implies that
ν‖v‖L1([0,t0];χ1) ≤ ‖v0‖χ−1 + ‖f‖L1([0,t0];χ−1).(3.8)
The inequalities (3.6) and (3.8) lead to (3.7).
Now consider two solutions u1 and u2 with the same initial data u0, and
assume that
ui ∈ C([0, T ];χ
−1) ∩ L1([0, T ];χ1) ∩ L∞([0, T ];χ−1), i = 1, 2.
Let w = u1 − u2, we note that w satisfies ∂tw − ν△w = Q(w, u1) +Q(u2, w),w|t=0 = 0.(3.9)
Thanks to the inequality (3.4), we have that
Q(w, u1) +Q(u2, w) ∈ L
1([0, T ];χ−1),
10
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and that
‖Q(w, u1) +Q(u2, w)‖L1([0,t0];χ−1)(3.10)
≤C‖w‖
1
2
L∞([0,t0];χ−1)
(‖u1‖L∞([0,t0];χ−1) + ‖u2‖L∞([0,t0];χ−1))
1
2
× ‖w‖
1
2
L1([0,t0];χ1)
(‖u2‖L1([0,t0];χ1) + ‖u2‖L1([0,t0];χ1))
1
2 .
By virtue of Lemma 3.1, we infer that for any 0 ≤ t0 ≤ T,
‖w‖L∞([0,t0];(χ−1) + ν‖w‖L1([0,t0];χ1)(3.11)
≤2‖Q(w, u1) +Q(u2, w)‖L1([0,t0];χ−1)
≤C‖w‖
1
2
L∞([0,t0];χ−1)
(‖u1‖L∞([0,t0];χ−1) + ‖u2‖L∞([0,t0];χ−1))
1
2
× ‖w‖
1
2
L1([0,t0];χ1)
(‖u2‖L1([0,t0];χ1) + ‖u2‖L1([0,t0];χ1))
1
2
≤ε(‖u1‖L∞([0,t0];χ−1) + ‖u2‖L∞([0,t0];χ−1))‖w‖L∞([0,t0];χ−1)
+ Cε(‖u1‖L1([0,t0];χ1) + ‖u2‖L1([0,t0];χ1))‖w‖L1([0,t0];χ1).
Choosing ε > 0 such that
ε(‖u1‖L∞([0,T ];χ−1) + ‖u2‖L∞([0,T ];χ−1)) ≤
1
2
,
then there exists a positive number δ satisfying 0 < δ ≤ T and
Cε(‖u1‖L1([0,δ];χ1) + ‖u2‖L1([0,δ];χ1)) ≤
ν
2
.
We then infer that
‖w‖L∞([0,δ];χ−1) + ν‖w‖L1([0,δ];χ1)
≤ε(‖u1‖L∞([0,δ];χ−1) + ‖u2‖L∞([0,δ];χ−1))‖w‖L∞([0,δ];χ−1)
+ Cε(‖u1‖L1([0,δ];χ1) + ‖u2‖L1([0,δ];χ1))‖w‖L1([0,δ];χ1)
≤
1
2
(‖w‖L∞([0,δ];χ−1) + ν‖w‖L1([0,δ];χ1)).
This implies that w(t) = 0, 0 ≤ t ≤ δ. Basic connective argument then yields
uniqueness on [0, T ].
Theorem 1.2 is thus proved up to the blow-up criterion. Assume that we
have a solution of the system (GNSν) on a time interval [0, T ] (T < ∞) such
that ∫ T
0
‖u‖2χ0dt <∞.(3.12)
11
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We claim that the lifespan Tu0 of u is greater than T. Indeed, thanks to Lemma
3.1, the inequalities (3.4) and (3.12), we have∫
R3
sup
0≤t≤T
|v̂|(t, ξ)|ξ|−1dξ ≤ ‖u0‖χ−1 + ‖Q(u, u)‖L1([0,T ];χ−1)
≤ ‖u0‖χ−1 + C‖u‖
2
L2[0,T ];χ0)
<∞.
Thus, a positive number ρ exists such that
∀t ∈ [0, T ],
∫
|ξ|≥ρ
|ξ|−1|û(t, ξ)|(ξ)dξ ≤
ν
2
5
2C0
.
The condition (3.3) now implies that for any t ∈ [0, T ], the lifespan for a so-
lution of (GNSν) with initial data u(t) is bounded from below by a positive real
number C which is independent of t. Thus Tu0 > T, and the whole of Theorem
1.2 is now proved.
As the system (NSν) is a particular case of the system (GNSν), we only
need to show that the Navier-Stokes system is well-posed globally in time for
‖u0‖χ−1 < ν. This result has been obtained in [2] by mollifying initial date.
Here, however, due to Theorem 1.2, for any u0 ∈ χ
−1 there already exists a
unique local solution u(x, t) on some internal [0, T ∗), thus we can directly ob-
tain estimates of the solution u instead of approximate solutions [2].
Taking the Fourier transform of the system (NSν), one has
∂tû(t, ξ) + ν|ξ|
2û(t, ξ)(3.13)
=i
∫
R3
û(η)⊗ û(ξ − η)dη · ξ − i
(
1
|ξ|2
ξT ·
∫
R3
û(η)⊗ û(ξ − η)dη · ξ
)
ξ,
The condition div u = 0 implies that ξ · û = 0.
Letting (3.13) · û+ û · (3.13), we get
∂t|û|
2(t, ξ) + 2ν|ξ|2|û|2(t, ξ)
=i
[
ξT ·
∫
R3
û(η)⊗ û(ξ − η)dη · ¯ˆu− uˆT ·
∫
R3
¯̂u(η) ⊗ ¯̂u(ξ − η)dη · ξ
]
.
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For any positive ε, we have
∂t(|û|
2 + ε)
1
2 =
∂t|û|
2
2(|û|2 + ε)
1
2
.
Thus, integrating with respect to t gives
(|û|2(t, ξ) + ε)
1
2 + ν
∫ t
0
|ξ|2|û|2(s, ξ)
(|û|2(s, ξ) + ε)
1
2
ds
≤(|û0|
2(ξ) + ε)
1
2 +
∫ t
0
∫
R3
|û|(s, ξ)|ξ||û|(s, η)|v̂|(s, ξ − η)
(|û|2(s, ξ) + ε)
1
2
dηds.
Letting ε tend to zero gives
|û|(t, ξ) + ν
∫ t
0
|ξ|2 |û|(s, ξ)ds ≤ |û0(ξ)|+
∫ t
0
∫
R3
|ξ||û|(s, η)|û|(s, ξ − η)dηds.
Taking the L1 norm with respect to |ξ|−1dξ, we have∫
R3
|û|(t, ξ)|ξ|−1dξ + ν
∫ t
0
∫
R3
|û|(s, ξ)|ξ|dξds
≤
∫
R3
|û0(ξ)|ξ|
−1dξ + ‖u‖2L2([0,t];χ0)
≤‖u0‖χ−1 + ‖u‖L∞([0,t];χ−1)‖u‖L1([0,t];χ1).
If ‖u0‖χ−1 < ν, then ‖u(t)‖χ−1 < ν at least for a very short time interval [0, δ].
Consequently, on such a time interval, we have
‖u(t)‖χ−1 ≤ ‖u(0)‖χ−1 < ν.
The basic continuity argument yields that
‖u(t)‖χ−1 ≤ ‖u(0)‖χ−1 < ν,
for all t ∈ [0, T ∗) (see the inequalities (2.5)-(2.6) in [2]).
We then derive that
‖u(t)‖χ−1 + (ν − ‖u(0)‖χ−1)
∫ t
0
‖u(s)‖χ1ds ≤ ‖u0‖χ−1 ,
for all t ∈ [0, T ∗).
Thanks to Proposition 2.1, one has∫ T∗
0
‖u(t)‖2χ0dt ≤
‖u0‖
2
χ−1
ν − ‖u(0)‖χ−1
<∞.
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According to Theorem 1.2 again, this implies that T ∗ = ∞, and the whole
Theorem 1.3 is proved.
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